Let R be a commutative ring with identity, S be a multiplicatively closed subset of R, and let M be an R-module. The aim of this paper is to introduce the notion of S-secondary submodules of M as a generalization of secondary submodules of M and investigate some properties of this class of submodules.
Introduction
Throughout this paper, R will denote a commutative ring with identity and Z will denote the ring of integers.
Consider a non-empty subset S of R. We call S a multiplicatively closed subset (briefly, m.c.s.) of R if (i) 0 ∈ S, (ii) 1 ∈ S, and (iii) sś ∈ S for all s,ś ∈ S [16] . Note that S = R − P is a m.c.s. of R for every prime ideal P of R. Let M be an R-module. A proper submodule P of M is said to be prime if for any r ∈ R and m ∈ M with rm ∈ P , we have m ∈ P or r ∈ (P : R M ) [9] . A non-zero submodule N of M is said to be second if for each a ∈ R, the homomorphism N a → N is either surjective or zero [17] .
Let S be a m.c.s. of R and let P be a submodule of an R-module M with (P : R M ) ∩ S = ∅. Then the submodule P is said to be an S-prime submodule of M if there exists an s ∈ S, and whenever am ∈ P , then sa ∈ (P : R M ) or sm ∈ P for each a ∈ R, m ∈ M [15] . Particularly, an ideal I of R is said to be an S-prime ideal if I is an S-prime submodule of the R-module R.
In [11] F. Farshadifar, introduced the notion of S-second submodules as a dual notion of S-prime submodules and investigated some properties of this class of modules. Let S be a m.c.s. of R and N a submodule of an R-module M with Ann R (N ) ∩ S = ∅. Then the submodule N is said to be an S-second submodule of M if there exists an s ∈ S, and whenever rN ⊆ K, where r ∈ R and K is a submodule of M , implies either that rsN = 0 or sN ⊆ K [11] .
Let S be a m.c.s. of R and M be an R-module. The main purpose of this paper is to introduce the notion of S-secondary submodules of an R-module M as a generalization of secondary submodules of M and provide some information about this class of submodules. Also, this notion can be regarded as a generalization of S-second submodules.
Main results
Let M be an R-module. A proper submodule N of M is said to be completely irreducible if N = i∈I N i , where {N i } i∈I is a family of submodules of M , implies that N = N i for some i ∈ I. It is easy to see that every submodule of M is an intersection of completely irreducible submodules of M [12] . (a) There exists an s ∈ S such that for each r ∈ R, srN = sN or (sr) t N = 0 for some t ∈ N; (b) There exists an s ∈ S and whenever rN ⊆ K, where r ∈ R and K is a submodule of M , implies either that (rs) t N = 0 for some t ∈ N or sN ⊆ K; (c) There exists an s ∈ S and whenever rN ⊆ L, where r ∈ R and L is a completely irreducible submodule of M , implies either that (rs) t N = 0 for some t ∈ N or sN ⊆ L. (b) , there is an s ∈ S so that rN ⊆ K implies sr ∈ Ann R (N ) or sN ⊆ K for each r ∈ R. Assume that sN ⊆ K. Then by Remark 2.4, there exists a completely irreducible submodule L of M such that K ⊆ L but sN ⊆ L. Then note that for each a ∈ J, we have aN ⊆ L. By part (b), we can conclude that sa ∈ Ann R (N ) and so sJ ⊆ Ann R (N ).
(d) ⇒ (b) Take a ∈ R and K a submodule of M with aN ⊆ K. Now, put J = Ra. Then we have JN ⊆ K. By assumption, there is an s ∈ S such that sJ = Ras ⊆ Ann R (N ) or sN ⊆ K and so either sa ∈ Ann R (N ) or sN ⊆ K as needed. Definition 2.3. Let S be a m.c.s. of R and N be a submodule of an R-module M such that Ann R (N ) ∩ S = ∅. We say that N is an S-secondary submodule of M if satisfies the equivalent conditions of Theorem 2.24. By an S-secondary module, we mean a module which is an S-secondary submodule of itself. Because, if we consider s = 1, and n ∈ Z, then Z 4 = n(1)Z 4 = (1)Z 4 = Z 4 , where n = 2k for each k ∈ N and (n(1)) 2 Z 4 = 0, where n = 2k for some k ∈ N.
The following lemma is known, but we write it here for the sake of reference. Proof. This is straightforward.
Let S be a m.c.s. of R. Recall that the saturation S * of S is defined as S * = {x ∈ R : x/1 is a unit of S −1 R}. It is obvious that S * is a m.c.s. of R containing S [13] . (c) Assume that N is an S-secondary submodule of M . We claim that Ann R (N )∩ S * = ∅. To see this assume that there exists an x ∈ Ann R (N ) ∩ S * As x ∈ S * , x/1 is a unit of S −1 R and so (x/1)(a/s) = 1 for some a ∈ R and s ∈ S. This yields that us = uxa for some u ∈ S. Now we have that us = uxa ∈ Ann R (N ) ∩ S, a contradiction. Thus,
, N is an S * -secondary submodule of M . Conversely, assume that N is an S *secondary submodule of M . Let rN ⊆ K. As N is an S * -secondary submodule of M , there is an x ∈ S * such that xr ∈ Ann R (N ) or xN ⊆ K. As x/1 is a unit of S −1 R, there exist u, s ∈ S and a ∈ R such that us = uxa. Then note that (us)r = uaxr ∈ Ann R (N ) or (us)N = ua(xN ) ⊆ K. Therefore, N is an S-secondary submodule of M .
(d) If S −1 N = 0, then as N is finitely generated, there is an s ∈ S such that s ∈ Ann R (N ) by Lemma 2.5. This implies that Ann R (N )∩S = ∅, a contradiction. Thus S −1 N = 0. Now let r/t ∈ S −1 R. As N is an S-secondary submodule of M , there is an s ∈ S such that rsN = sN or (rs) t N = 0 for some t ∈ N. If rsN = sN , then (r/s)S −1 N = S −1 N . If (rs) t N = 0, then (r/s) t S −1 N = 0, as needed. Proof. Let N be a secondary submodule of M . Then as N = 0, we have 1 ∈ Ann R (N ). Hence S ∩ Ann R (N ) = ∅. Thus the result follows from Proposition 2.6 (a).
The following examples show that the converses of Proposition 2.6 (a) and (d) are not true in general. 
Proof. Let ab ∈ Ann R (N ) for some a, b ∈ R. Then (ab) n N = 0 for some n ∈ N.
As N is an S-secondary submodule of M , there exists an s ∈ S such that asN = sN or (as) t N = 0 for some t ∈ N and bsN = sN or (bs) h N = 0 for some h ∈ N. If (as) t N = 0 or (bs) h N = 0 we are done. If asN = sN and bsN = sN , then 0 = (bas) n N = sN . Thus s ∈ Ann R (N ), a contradiction. Thus in any case, (as) t N = 0 or (bs) h N = 0, as needed.
The following example shows that the converse of Proposition 2.10 is not true in general.
Let R i be a commutative ring with identity and M i be an R i -module for i = 1, 2.
Then the following are equivalent:
is an S-prime ideal of R by Proposition 2.10. By [15, Lemma 2.13] , either Ann R (N 1 )∩S 1 = ∅ or Ann R (N 2 )∩S 2 = ∅. We may assume that Ann R (N 1 )∩S 1 = ∅. We show that N 2 is an S 2 -secondary submodule of M 2 . To see this, let r 2 N 2 ⊆ K 2 for some r 2 ∈ R 2 and a submodule
As N 1 is an S 1 -secondary submodule of M 1 , there exists an s 1 ∈ S 1 such that s 1 N 1 ⊆ K 1 or (s 1 r 1 ) t N 1 = 0 for some t ∈ N. Now we set s = (s 1 , s 2 ). Then s(N 1 × N 2 ) ⊆ K 1 × K 2 or (s(r 1 , r 2 )) t (N 1 × N 2 ) = 0. Therefore, N is an S-secondary submodule of M . Similarly one can show that if N 2 is an S 2 -secondary submodule of M 2 and Ann R1 (N 1 ) ∩ S 1 = ∅, then N is an S-secondary submodule of M .
Proof. We apply induction on n. For n = 1, the result is true. If n = 2, then the result follows from Theorem 2.12. Now assume that parts (a) and (b) are equal when k < n. We shall prove
Then by Theorem 2.12, the necessary and sufficient condition for N is an S-secondary submodule of M is thatŃ is anŚ-secondary submodule ofḾ and Ann Rn (N n ) ∩ S n = ∅ or N n is an S n -secondary submodule of M n and AnnŔ(Ń ) ∩Ś = ∅, whereŔ = R 1 × R 2 × ... × R n−1 . Now the result follows from the induction hypothesis. Proof. Let sN be a secondary submodule of M for some s ∈ S. Let aN ⊆ K for some a ∈ R and a submodule K of M . As asN ⊆ K and sN is a secondary submodule of M , we get that sN ⊆ K or a t sN = 0 and so (as) t N = 0 for some t ∈ N, as needed. Conversely, assume that N is an S-secondary submodule of M . Then there is an s ∈ S such that if aN ⊆ K for some a ∈ R and a submodule K of M , then sN ⊆ K or (sa) t N = 0 for some t ∈ N. Now we show that sN is a secondary submodule of M . Let a ∈ R. As asN ⊆ asN , by assumption, sN ⊆ asN or (as 2 ) t N = 0 for some t ∈ N. If sN ⊆ asN , then there is nothing to show. Assume that sN ⊆ asN . Then (as 2 ) t N = 0 and so a ∈ ( Ann R (N ) : R s 2 ) ⊆ ( Ann R (N ) : R s) by Lemma 2.14 (b) . Thus, we can conclude that (as) t N = 0 for some t ∈ N, as desired.
The set of all maximal ideals of R is denoted by M ax(R). Then we claim that Ω = R. To see this, take any maximal idealḾ containing Ω. Then the definition of Ω requires that there exists an sḾ ∈ Ω and sḾ ∈Ḿ. As Ω ⊆Ḿ, we have sḾ ∈ Ω ⊆Ḿ, a contradiction. Thus, Ω = R and this yields 
AsŃ is an S-secondary submodule of M , there exists an s ∈ S such that srŃ = sŃ or (sr) tŃ = 0 for some t ∈ N. Therefore srf −1 (Ń ) = sf −1 (Ń ) or (sr) t f −1 (Ń ) = 0, as requested.
An R-module M is said to be a comultiplication module if for every submodule N of M there exists an ideal I of R such that N = (0 : M I), equivalently, for each submodule N of M , we have N = (0 : M Ann R (N )) [2] . Proof. This is straightforward. Proof. As M is a multiplication and comultiplication R-module, one can see that Z R (M ) = W R (M ). Now the results follows from Theorem 2.26 and Theorem 2.28. Example 2.30. For any prime integer p and any positive integer n ≥ 2, consider the Z-module Z p n . Take S = Z − pZ. We know that Z p n is a finitely generated multiplication and comultiplication Z-module. Then by Corollary 2.29, the Zmodule Z p n has a non-zero submodule which is not S-secondary and a proper submodule which is not S-primary.
